Tartaglia and Pearce have argued that the nonunitary n × n fused Forrester-Baxter RSOS(m, m ′ ) models are described, in the continuum scaling limit, by the minimal models M(M, M ′ , n) constructed as the higher-level conformal cosets (A
1 ) k+n at integer fusion level n ≥ 1 and fractional level k = nM/(M ′ − M ) − 2 with (M, M ′ ) = nm − (n − 1)m ′ , m ′ . These results rely on Yang-Baxter integrability and are valid in Regime III for models determined by the crossing parameter λ = (m ′ − m)π/m ′ in the interval 0 < λ < π/n. Combinatorially, Baxter's one-dimensional sums generate the finitized branching functions as weighted walks on the A m ′ −1 Dynkin diagram. The ground state walks terminate within shaded n-bands, consisting of n contiguous shaded 1-bands. The shaded 1-bands occur between heights (ρ, ρ + 1) where ρ = ρ(r) = ⌊ rm ′ m ⌋, r − 1, 2, . . . , m − 1. These results do not extend to the interval π/n < λ < π since, for these models, there are no shaded n bands to support the ground states. Here we consider the 2 × 2 RSOS(m, m ′ ) models in the interval π 2 < λ < π and investigate the associated one-dimensional sums. In this interval, we verify that the one-dimensional sums produce new finitized Virasoro characters ch (N ) r,s (q) of the minimal models M(m, m ′ , 1) with m ′ > 2m. We further conjecture finitized bosonic forms and check that these agree with the ground state one-dimensional sums out to system sizes N = 12. The 2×2 RSOS(m, m ′ ) models thus realize new Yang-Baxter integrable models in the universality classes of the minimal models M(m, m ′ , 1). For the series M(m, 2m+1, 1) with m ≥ 2, the spin-1 one-dimensional sums were previously analysed by Jacob and Mathieu without the underlying Yang-Baxter structure. Finitized Kac characters χ m,m ′ ;(N ) r,s (q) for the logarithmic minimal models LM(p, p ′ , 1) are also obtained for p ′ ≥ 2p by taking the logarithmic limit m, m ′ → ∞ with m ′ /m → p ′ /p+. Friedan-Qiu-Shenker [2] showed that unitarity restricts the values of m, m ′ such that m = m ′ − 1. Second, within the context of lattice statistical mechanices, Andrews-Baxter-Forrester [3] solved exactly an infinite sequence of two-dimensional Restricted Solid-on-Solid (RSOS) models denoted by RSOS(m ′ −1, m ′ ). Next, based on critical exponents, Huse [4] argued (i) that the infinite sequence of lattice models RSOS(m ′ − 1, m ′ ) fall into the universality classes of multicritical Ising models and (ii) that, in the continuum scaling limit, they realize the unitary minimal models M(m ′ − 1, m ′ ). Subsequently, for m < m ′ − 1, it was shown that the RSOS(m, m ′ ) lattice models [5] realize [6, 7] the nonunitary minimal models M(m, m ′ ). These models include the Ising model M(3, 4) [8] [9] [10] , the tricritical Ising model M(4, 5) [11] [12] [13] [14] and the Lee-Yang model M(2, 5) [15] [16] [17] [18] [19] . The RSOS(m, m ′ ) lattice models [3, 5] are Yang-Baxter integrable [20] both at criticality and off-criticality. In the continuum scaling limit, the off-critical RSOS(m, m ′ ) lattice models realize the integrable ϕ 1,3 thermally perturbed minimal models of Zamolodchikov [21] . Further Yang-Baxter integrable models, denoted by RSOS(m, m ′ ) n×n , are constructed by using fusion [22] to build face weights from n × n blocks of elementary face weights of the RSOS(m, m ′ ) lattice models. On the CFT side, the related minimal models M(M, M ′ , n) are constructed [23] as the higher-level Goddard-KentOlive (GKO) cosets
where n = 1, 2, 3, . . . is an integer fusion level and k is a fractional fusion level. The central charges of these coset CFTs are given by
where c k is the central charge of the affine current algebra (A
Recently, it was argued [24] that the minimal cosets M(M, M ′ , n) are given by the continuum scaling limit of the RSOS(m, m ′ ) n×n lattice models with
The extended family of RSOS lattice models and their related minimal CFTs, particularly the unitary theories (M, M ′ ) = (m ′ −n, m ′ ), have been extensively studied and form a cornerstone of our understanding of statistical mechanics and its interrelation with conformal and quantum field theory. In this paper, we continue the investigation initiated in [24] . Specifically, we address the question of what can happen if nm < (n − 1) m ′ . In these cases, it was argued in [24] that the structure of the RSOS lattice models lacks the required "shaded n-bands" needed to support the ground states of the level-n coset CFTs. The expectation is that the continuum scaling limit of these RSOS theories therefore defaults to a level-n ′ coset CFT with n ′ < n. Here we use the one-dimensional sums [20, 25] associated with Baxter's off-critical Corner Transfer Matrices (CTMs) to argue that, at least for n = 2 and m ′ > 2m, the continuum scaling limit of the RSOS(m, m ′ ) 2×2 lattice models is given by the level n ′ = 1 coset CFTs M(m, m ′ ). Essentially, our arguments are based on Physical Combinatorics [26] [27] [28] [29] [30] [31] [32] [33] .
The layout of the paper is as follows. In Section 2, we introduce the RSOS(m, m ′ ) lattice models of Forrester and Baxter. From the known elliptic face weights for the n × n fused models for n = 1, 2, 3 we extract the local energies with a suitable choice of gauge. We also set up Baxter's one-dimensional sums and discuss the ground states for n = 2 and m ′ > 2m. In Section 3, we consider the cases with n = 2 and m ′ = 2m + 1. For these cases, we show that the one-dimensional sums agree with those of Jacob and Mathieu [30] based on half-integer RSOS paths. Some emphasis is placed on the simplest models, namely, RSOS (2, 5) and RSOS (3, 7) . The conformal data of the nonunitary minimal models M(m, m ′ ) is presented in Section 4. In particular, for m ′ > 2m, we conjecture bosonic forms for the RSOS(m, m ′ ) 2×2 finitized characters. For modest system sizes N , these agree with the onedimensional sums and give the standard Virasoro characters of nonunitary minimal model M(m, m ′ ) in the limit N → ∞. Taking the logarithmic limit leads to conjectured bosonic forms for the the finitized characters for the logarithmic minimal models LM(p, p ′ ) 2×2 with p ′ ≥ 2p. We finish with some concluding remarks. 
where s(u) = ϑ 1 (u, t)/ϑ 1 (λ, t) is a quotient of the standard elliptic theta functions [41] 
u is the spectral parameter and g a are arbitrary gauge factors. Unless stated otherwise, we work in the gauge g a = 1. The elliptic nome t = e −ε is a temperature-like variable, with t 2 measuring the departure from criticality corresponding to the ϕ 1,3 integrable perturbation [21] . The crossing parameter is
The relevant properties of the elliptic functions are given in Appendix A. The restrictions on u and t mean that we are working in Regime III of [3, 5] . It was shown in [3, 5] that the off-critical face weights (2.1) satisfy the Yang-Baxter equations. The RSOS(m, m ′ ) lattice models are therefore exactly solvable. At the critical point t = 0, the Boltzmann face weights reduce to trigonometric functions. The algebraic structure of the solution to the YangBaxter equation for the critical RSOS(m, m ′ ) 2×2 models is discussed in Appendix B.
RSOS(m, m
′ ) 2×2 face weights
The normalized 2 × 2 fused RSOS are
The black dots indicate sums over all allowed heights at the site. The crosses indicate that the weight is independent of the allowed heights on these sites. The fused weights all have a common factor η 2,2 (u) which is removed so that the normalized weights are entire functions of u.
The explicit formulas for the 19 normalised weights are
In contrast to the other equations, in the last equation, the choice of upper or lower signs gives two equivalent expressions for the same weight.
2.3 RSOS(m, m ′ ) 2×2 paths and shaded bands A 2 × 2 fused RSOS lattice path σ = {σ 0 , σ 1 , . . . , σ N , σ N +1 } is defined as a sequence of integer heights σ j ∈ A m ′ −1 , j = 0, 1, . . . , N + 1 which satisfy the same adjacency rules as neighbouring heights on the corners of the 2 × 2 fused face weights. Explicitly, these adjacency conditions are
The latter constraint implies that the heights 1 and m ′ −1 are not allowed to be adjacent to themselves. The boundary conditions are fixed by
The 2 × 2 fused RSOS lattice paths are used to define Baxter's one-dimensional configurational sum in Section 2.5. The 2 × 2 fused RSOS lattice paths on a square lattice are interpreted as (N +1)-step walks that start at height s and then take N steps, respecting the 2 × 2 adjacency conditions (2.6), until height ρ is reached. The last step is from height ρ to height ρ ′ . Each step consists of staying at the same height or moving up or down by 2 in height. Since the heights always change by an even number, paths have a definite parity -the heights are either all odd or all even. An example of such a path, represented as a walk on the A m ′ −1 diagram, is given in Figure 1 . In this figure some bands are shaded as we now explain. Let us define the sequence
Following [28] , we shade the bands in walk diagrams (such as Figure 1 ) between the heights ρ(r) and ρ(r)+1 for r = 1, 2, . . . , m−1. The shaded and unshaded bands interchange under the duality m ↔ m ′ . An n-band consists of n contiguous bands, which can be all shaded, all unshaded or mixed. An n-band is called a shaded n-band if all its 1-bands are shaded. An n-band is called an unshaded n-band if all its 1-bands are unshaded. In [24] it is shown that, for 0 < λ < π n , the number of shaded n-bands is #shaded n-bands : For the case of π 2 < λ < π of primary interest here, we note that there are only shaded 1-bands and no shaded n-bands for n > 1. The shaded 1-bands are separated by contiguous unshaded 1-bands as in Figure 1 . We also note that s and ρ have the same parity. For later use, it is convenient to consider the union of the two sequences ρ(r) and ρ(r) + 1 and to separate these into the union of two new sequences ρ 0 (r) and ρ 1 (r) consisting of the even and the odd members respectively. For the example in Figure 1 , the two new sequences are ρ 0 (r) = 2, 6, 8, 10, ρ 1 (r) = 3, 5, 7, 11, r = 1, 2, 3, 4 (2.10)
It follows that, if we wish to end a 2 × 2 fused RSOS lattice path on the edge of a shaded 1-band, we must have
for some r = 1, 2, . . . , m − 1.
Local energy functions
The local energy functions H(d, a, b) are extracted from the low temperature limit t = e −ε → 1 of the Boltzmann weights (2.5) in a suitable normalization. Explicitly, with gauge factors g a ,
In the following subsections, we consider the cases n = 1, 2, 3 separately. In each case, the local energies possess the reflection and height reversal symmetries
These are inherited from the properties of the Boltzmann face weights.
1 × 1 local energies
Figure 2: The gauged local energies of the 1 × 1 RSOS models in the interval 0 < λ < π. In this gauge, the local energies take the values 0,
Working in the gauge g a = 1 for n = 1, the local energy functions obtained by Forrester-Baxter [5] are
Changing to a more suitable gauge [24] , the local energies for the 1 × 1 models are given by
These are all positive with values 0, Figure 2 . The sequences
count the number of unshaded 1-bands below the height a. The value of h a remains unchanged within any shaded n-band. Observing the duality
it follows that the n = 1 local energies satisfy
2 × 2 local energies
To obtain the low temperature limit of the 2 × 2 fuesd RSOS face weights, it is convenient to first perform a conjugate modulus transformation
from nome t = e −ε to the conjugate nome p = e −π 2 /ε where
We introduce the variable x = e −2πλ/ε = p λ/π so that p = e −2π 2 /ε = x π/λ . The diagonal fused weights then become
where the gauge factors g a are arbitrary. The low-temperature limit is now given by x → 0 or p → 0 with w fixed. The E-functions satisfy the following properties
where n is an integer. Another useful property is
These relations are used to derive the low temperature limit separately for the two intervals 0 < λ < π 2 and π 2 < λ < π. Fixing the choice of gauge g a = w a(aλ−π)/4π and removing the overall scale factor exp(−2u(λ − u)/ε), the local energy functions are
H(a ± 2, a, a ∓ 2) = 1 (2.24a)
The above expressions for the local energy functions take both positive and negative values. This is not desirable because we would like nonnegative local energy functions. To achieve this we use another gauge g ′ a = w Ga such that the new local energies H ′ (a, b, c) are
A gauge transformation that satisfies this is
This transformation is performed more neatly by defining
The new expressions for local energies in this gauge, omitting the prime, are 
3 × 3 local energies
Starting with the 3 × 3 local energies for 0 < λ < π 3 in [24] , the local energies for 2π 3 < λ < π can be obtained by applying, for n = 3, the conjectured duality relation
Energy statistic and one-dimensional sums
Following Baxter [20, 25] , the energy statistic of RSOS paths is
The associated one-dimensional sums are defined as
where the sum is over all RSOS paths σ = {σ 0 , σ 1 , . . . , σ N , σ N +1 } at the given fusion level n. These sums satisfy the recursion
subject to the boundary conditions
where d ∼ b denotes that the heights d and b are adjacent at fusion level n.
2.6 Ground states and sectors for n = 2 and m ′ > 2m
For the interval 0 < λ < π 2 , there are shaded 2-bands and the associated ground states relate to the superconformal minimal models in the Neveu-Schwarz and Ramond sectors as discussed in [24] . In contrast, for π 2 < λ < π, there are no shaded 2-bands only shaded 1-bands. So, for these models, the superconformal groundstates are not supported and we find that the ground states are associated to shaded 1-bands. A comparison of ground states in the two different intervals is shown in Figure 5 . Since Generically, for suitable choices of (a, b, c), the one-dimensional sums (2.35) are interpreted as finitized conformal characters
where E(σ) are conformal energies of the infinite system. These are the spectrum generating functions for a finite truncated set of conformal energy levels in a given sector labelled by (a, b, c). The connection with characters is made by choosing the last step (b, c) of the one-dimensional walks to agree with a ground state RSOS path labelled by r. Restricting to models with π 2 < λ < π, the precise connection between (a, b, c) and the conformal Kac quantum numbers (r, s) is given by
RSOS(m, 2m + 1) 2×2 One-Dimensional Sums
In [30, 33] , a study has been carried out of the one-dimensional sums associated with a particular choice of local energy functions for RSOS lattice paths with half-integer steps. We call these half-integer RSOS paths JM paths. In these papers, the local energy functions of JM paths were not related to integrable lattice models. However, in the thermodynamic limit, these one-dimensional sums quite remarkably reproduce the Virasoro characters of the sequences of nonunitary minimal models M(m, 2m + 1) with m = 2, 3, 4, . . . . In this section, we show that that there exists an energy-preserving bijection between the JM paths and RSOS(m, 2m + 1) 2×2 paths. More precisely, we present a one-to-one mapping of RSOS spin-1 paths into equivalent spin-1 2 JM paths with equivalent local energies. We conclude that the JM paths are described by the RSOS(m, 2m + 1) 2×2 Yang-Baxter integrable lattice models. This explains the remarkable observed properties of the JM one-dimensional sums.
We observe that when m ′ = 2m + 1, the sequence of integers (2.8) defining the shaded bands simplifies to
This means that every second band starting from the lowest height a = 1 is shaded and
Since the adjacency graph decomposes for the 2 × 2 fused models, it suffices to restrict a, b, c to be odd in these cases. In the next two subsections, we consider the two simplest nonunitary RSOS(m, m ′ ) models with crossing parameter in the interval , shown in Figure 6d , acquires an additional loop corresponding to the particle • = 3 and • = 4.
RSOS(2, 5)
The Yang-Lee (YL) model [15] is associated with the exactly solvable RSOS(2,5) model. It is defined on a square lattice and its heights live on a A 4 Dynkin diagram. There is a single shaded 1-band between heights 2 and 3, and ground state configurations are alternating paths inside it as shown in Figure 7a . Identifying the heights related by this Z 2 symmetry and using the notation • = 1, 4, • = 2, 3, the face weights (2.1) with g a = 1 become In particle notation for RSOS (2, 5) , • = 1 is used for an occupied site and • = 0 for an unoccupied site. In this notation, the adjacency graph is the tadpole T 2 . The local energy functions can be taken to be
other allowed triples (3.4)
Implementing the 2 × 2 fusion as in (2.4) with a gauge yields the following face weights for the RSOS(2,5) 2×2 model
Fixing the gauge to be g 0 /g 1 = s(2λ) 2 and removing the overall scale factor s(2λ + u)/s(2λ), these weights coincide with the 1 × 1 weights above (3.7). Consequently RSOS(2, 5) 1×1 and RSOS(2, 5) 2×2 coincide as lattice models.
The new local energies for the 2 × 2 fused model are 
RSOS(3, 7)
The second simplest example of nonunitary RSOS model is RSOS (3, 7) , with heights living on the A 6 Dynkin diagram. Identifying the heights related by the Z 2 symmetry and using the notation • = 1, 6, • = 3, 4, • = 5, 2, the face weights (2.1) with g a = 1 become
In particle notation • = 1, • = 3 and • = 5 are used for the three different occupation states. In this notation, the adjacency graph is the tadpole T 3 . The RSOS(3, 7) 1×1 local energy functions are
There are two shaded 1-bands, one between heights 2 and 3, the other between heights 4 and 5. The ground state configurations are alternating paths inside each shaded 1-band as shown in Figure 8a . Implementing the 2 × 2 fusion as in (2.4) and allowing gauge factors yields the following face weights for the RSOS(3,7) 2×2 model
In contrast to the Yang-Lee case, no choice of gauge factors can map the fused weights onto the unfused ones. This implies that the RSOS(3, 7) 1×1 and RSOS(3, 7) 2×2 models are distinct Yang-Baxter integrable lattice models even though we will argue that they lie in the same universality class. The local energies for the RSOS(3, 7) 2×2 model are
The ground state configurations for this model are flat paths corresponding to the lower and upper height of each shaded 1-band as seen in Figure 8b. 3.3 RSOS(m, 2m + 1) and JM(m, 2m + 1)
is then a sequence of heights σ j ∈ 1 2 N subject to the constraints (j, σ j ) ∈ N 2 at all local peaks (3.12b) Examples are shown in Figure 9 for k = 1, 2. The JM paths are thus defined on lattices with halfinteger spacing and half-integer heights, while in the RSOS description, only integer values of steps and heights are considered. Therefore, to map the energy of JM paths into the local energy functions of the RSOS paths with integer heights, we need to sum out (decimate) the half odd integer heights. The energy of a JM path is given by
Using w(N +   1 2 ) = 0, this is gauge equivalent to the energy of the corresponding RSOS path with local energies (2.30)
and the constant shift of energy by G 0 − G N is irrelevant. Explicitly,
H(a, a, a) = 0 (3.16f) . . . 7 8 . . . N j The bijection between JM and RSOS paths preserves the contour of the path except at local minima at half-integer heights where two consecutive half-integer steps in the JM path are replaced with a single horizontal step in the RSOS path. The last half-integer step of a JM path must be down and we add an additional half-integer up step shown dashed. The last RSOS step is therefore flat in the tadpole representation.
The intermediate half-integer heights a ± 
Conformal data and characters
In the continuum scaling limit, the RSOS lattice models are described by the rational minimal models. The central charges of the n = 1 minimal models M(m, m ′ ), with m < m ′ and m, m ′ coprime, are given by (1.1). The conformal weights and associated Virasoro characters are
where the q-factorials are defined by
The 
Finitized bosonic characters
From extensive numerics, we find empirically that the normalized finitized characters associated with the RSOS(m, m ′ ) 2×2 lattice models admit a bosonic form ch m,m ′ ;(N ) r,s
The q-trinomial coefficients [34] are
where the q-multinomial coefficients are defined in terms of q-factorials by
In the limit q → 1, the q-multinomials reduce to multinomial coefficients
which ensures the correct counting of states.
To arrive at the bosonic forms (4.4), we used the fact that the q-trinomial coefficient T (N ) k (q) is a q-deformed counting of weighted N step 2 × 2 fused paths on the A ∞ Dynkin diagram. This counting only respects the constraints σ i+1 − σ i = 0, ±2, with 2k height difference between the initial and final state σ N − σ 0 = 2k. This ensures correct counting, as j + k is the number of up steps, j is the number of down steps, and N − 2j − k is the number of flat steps. Thus, given that the local energy functions are periodically extended, T (N ) k (q) gives the correct one dimensional sums (without restricting to the fused A m ′ ). The required bosonic form of the one dimensional sum on A m ′ is then obtained by summing and subtracting the respective generalized paths. These bosonic forms (4.4) were checked against the ground state one-dimensional sums with b = c for all values of r, s using Mathematica [35] out to size N = 12 for (m, m ′ ) = (2, 5), (2, 7), (3, 7) , (3, 8) , size N = 11 for (m, m ′ ) = (2, 9), (4, 9) , size N = 10 for (m, m ′ ) = (3, 10) and size N = 9 for (m, m ′ ) = (2, 11), (3, 11) , (4, 11) , (5, 11) . It would be of interest to obtain the bosonic expressions for X (N ) abc (q) more generally for c = b, b ± 2 and to prove that these expressions satisfy the CTM recursions (2.36).
Using (4.6), it is straightforward to show that the finitized characters also satisfy the Kac symmetrŷ
Since the shaded band structure is symmetric, the Kac labels on the right are (r, s) = (m − r, m ′ − s).
N → ∞ limit
The finitized characters also agree with the full characters in the thermodynamic limit N → ∞. For fixed k ∈ Z, the modified q-trinomials satisfy
To establish this we take the limit inside the sum and use the elementary result
The last equality follows by setting z = q k+1 in the q-analogue of Kummer's theorem (see (2.2.8) of [36] ) 
A Elliptic Functions
In this Appendix we list definitions and relevant properties of the elliptic functions used in this paper. For a complex number u, the standard elliptic theta function ϑ 1 (u, t) [41] is commonly expressed in terms the nome t, |t| < 1, as the following infinite product:
Its conjugate modulus transformation, which relates theta functions of nome t = e −ε to those of nome
ε , can be written as
The elliptic ϑ 1 (u) = ϑ 1 (u, t) function satisfies the fundamental identity
In this Appendix we discuss the algebraic structure of the solution to the Yang-Baxter equations for the critical 2 × 2 RSOS models. Following [40] , the face transfer operators can be written as
where the identity I and the generalized monoids E j and X j I = = E j = = X j = = (B.2) generate the 2 × 2 fused Temperley-Lieb (TL) algebra. This algebra is a one-parameter specialization of the two-parameter BMW algebra. The properties of the generator X j were studied by a number of authors [42] [43] [44] [45] . Here it is useful to replace the generator X j with the generator In the RSOS representation, the matrices representing E j and β Ξ j admit the following non-zero rank-1 factorized blocks it follows that, after suitable normalization, E j and Ξ j are commuting orthogonal idempotents. This is seen graphically as Similarly, the relations E j E j±1 E j = E j and E j Ξ j±1 E j = E j follows graphically as In addition, setting Y j = βΞ j , the generators satisfy the following cubic relations in accord with (3.34) of [24] E j Y j±1 E j = β 3 β E j (B.14a)
Expanding the Yang-Baxter equation 16) in terms of the face operators (B.6) as a multivariable Laurent polynomial in z = e iu and w = e iv , equating coefficients and using these cubic relations, it follows that the Yang-Baxter equations is satisfied.
